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ABSTRACT

This paper considers undiscounted Markov Decision Prob For the
general multichain case, we obtain necessary and sufficient tions
which guarantee that the maximal total expected reward for ning
horizon of n epochs minus n times the long run average expe eward has

a finite limit as n + = for each initial state and each fin ard vector.

In addition, we obtain a characterization of the chain- and dicity

structure of the set of one-step and J-step maximal gain po . Finally,

we discuss the asymptotic properties of the undiscounted va eration
method.
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SJTRODUCTION

lhe value-iteration equations for undiscounted Markov Decision Pro-
s (MDPs) with finite state- and action space, were first studied by

AN [2] and HOWARD [5]:
v(n+1)i = Qv(n)i, i=1,...,N

the Q operator is defined by:

k N k .
= . . o). .. X. = oo
Qxi maxkeK(l){ql ZJ=] P1J XJ}, i 1, >N

(0) is a given N-vector.
1,...,N} denotes the state space, K(i) the finite set of alternatives
ate i, q? the one-step expected reward and P?i > 0 the transition
bility to state j, when alternative k e K(i) is chosen in state 1i.
ceesN).

For all n = 1,2,... and i € Q, v(n)i may be interpreted as the maximal
expected reward for a planning horizon of n epochs, when starting at
i and given an amount v(O)j is obtained when ending up at state j.

AN [2] showed that if every P?j is strictly positive, then V(n)i ~

the scalar g* being the maximal gain rate and HOWARD [5] con-

n > %

. * *
red that there generally exist two N-vectors g and v , such that

1im v(n) = ng* - v =0.
n->-o©

Although BROWN ([3],[4.3]) showed that v(n) - ng* is bounded, provided
taken as the maximal gain rate vector, the limit in (1.3) may not
for arbitrary v(0) if some of the transition probability matrices
g) are periodic. The identification of sufficient conditions for the
‘ence of the limit in (1.3) is of particular importance:
hen considering the infinite horizon-model with the average return per
mnit time criterion, as an approximation to the model where the plannin

orizon is finite though large.




(b) for the case N >> |, where the value-iteration method is the only prac-
tical way of locating maximal-gain policies. If the limit in (1.3)
exists, then a generalization of ODONI [9] shows that any policy achiev-
ing the maxima in (1.2) for large n is maximal gain. However, if the
limit in (1.3) fails to exist, then example 4 in LANERY [6] shows that

policies achieving the maxima for large n in (1.2) need not be maximal

gain.

Sufficiency conditions for the existence of the limit in (1.3) have
been established by WHITE [16] and SCHWEITZER ([111,[12]) in the unichain
case, where gz = g* (say) for all i € Q.

Related convergence results for MDPs with compact action spaces, the
lenumerable and general state space case and for continuous time Markov
Jecision Processes were obtained in respectively BATHER [1], HORDIJK,
5CHWEITZER and TIJMS [4], TIJMS [15] and LEMBERSKY [7].

[n this paper we establish the weakest sufficient condition. It holds for
‘he general multichain case, and states that the limit in (1.3) exists for
wery v(0) ¢ EN, if and only if there exists a randomized maximal gain
olicy whose tpm is aperiodic (but not necessarily unichained) and has
= {ieQ I i is recurrent for some pure maximal gain policy} as its set
f recurrent states.

n addition, we show that in general the sequence {v(n) - ng*}:=l is
.symptotically periodic, i.e. there exists an integer a* (which merely

epends upon the chain- and périodicity structure of the maximal gain

olicies), such that

1.4) lim v(nJ+r) - (nJ+r)g* exists for all v(0) ¢ EN

n->«©

f and only if J is a multiple of a*.

The sufficiency parts of the above mentioned results were treated in
ANERY [6]. However, it appears that the proof of proposition 19 in [6]
rom which the main result is derived, is either incomplete or incorrect
Note 1).

Moreover, our methods use the set of all randomized policies, and in-
olve the analysis of the chain- and periodicity strucutre of the one- and
-step (randomized) maximal gain policies (J21). This enables a full charac-

erization of the asymptotic period.




n section 2, we give some notation and preliminaries. In section 3,
lyze the periodicity structure of the maximal gain policies, while in
n 4 the chain- and periodicity-structure of the multi-step maximal
olicies is characterized. In section 5, we obtain inter alia the
mentioned results with respect to the asymptotic periodicity, and the

ary and sufficient condition for the existence of the limit in (1.3)

1 v(0) ¢ EV.

'inally, we show how the convergences of the various sequences
* © . o .
-r)i - (nJ+r)g i}n=l (r=1,...,J; i=1,...,N) interdepend.
n section 6, we give some properties of the policies that attain the

1 in (1.1) for large n.

JTATION AND PRELIMINARIES

, (stationary) randomized policy f is a tableau [fik] satisfying
0 and ZkeK(i) fik k 1s the probability that the k-th

jative is chosen when entering state i.

= 1, where f.
i

le let SR denote the set of all randomized policies, and SP the set of

ire (non-randomized) policies (i.e. each fik=0 or 1). Associated with

e SR’ are a N-component reward q(f) and N X N-matrix P(f):
k k ..
a(f); = I £ a5 B(),. = R Piis 1 i, § <N

keK(i) * I keK(i)

-hat P(f) is a stochastic matrix (P(f)ij 2 0, Z?=1 P(f)ij =1;
,j < N). For any f € SR’ we define the stochastic matrix II(f) as the
> limit of the sequence {Pn(f)};=l, which always exists and has the

ving properties:
P(f)N(f) = N(f) = NM(£)P(£).

2 by n(f) the number of subchains (closed, irreducible sets of states)
(f). Then:
n(f)

)5 = mzl ST(E)T(E) ;s




where nm(f) is the unique equilibrium distribution of P(f) on the mth sub-
chain Cm(f), and @?(f) is the probabilify of absorption in Cm(f), starting
from state i. Let é(f) = {jlﬂ(f)jj > 0}, i.e. R(f) is the set of recurrent
states for P(f).

Let dm(f) > 1 denote the period of Cm(f), and let
{Cm’B(f) [ B = !,...,dm(f)} indicate the set of cyclically moving subsets
(c,m.s.) of Cm(f) numbered such that for any m = 1,...,n(f) and
B =1,...,d°(f) (c£.[101):

m, B+1

(2.4) iec™PB(f) > P(£).. > 0 only if j ¢ C (£)
1]

with the convention that hereafter B in Cm’B(f) is taken modulo dm(f) e.g.
B ey = ™) if 8 = d(E).

(2.5) For all i e CT(f):
d™(£)

greatest common divisor (g.c.d.) of {n | P(f)rili > 0}

g.c.d. {n L there exists a cycle (SO=i’sl""’Sn=i)
for P(f)}

there (s =i,s ,...,s_=i) is called a cycle for P(f) if P(f) > and if
o 1 n sls]+]

111 the s, are distinect (1=0,...,n~1).

m
'2.6) 1im pRd (E)+r

n->®

m, B+r(

(£);5 > 0, for all i « c™B£) and 5 € C £)

(r =1,2,...).

‘or each f ¢ SR’ we define the gain rate vector g(f) = n(f)q(f), such that
;(f)i represents the long run average expected return per unit time, when

‘he initial state is i, and policy f is used. We thus have

n(f) o
2.7) g(f). = | o, (£)g™(f), ieQ
1 m=1 1
ith gh(£) = <i™(£),q(£)>, m=1,...,n(f).




lext define:

* .
g. = sup g(f).:; i=1,...,N.
i i
feSR

HOWARD [5] proved the existence of pure policies f which attain the N

1a in (2.8) simultaneously, we can define:

g(f) = g*}; S = {f ¢ SR I g(f) = g*}

S ={f €S RMG

PMG P l

s set of all pure and the set of randomized maximal gain policies.

° L4 *
?inally define R as the set of states that are recurrent under some

11 gain policy:

R = {i | i € R(f) for some f € SRMG}'

>llowing lemma which was proved in SCHWEITZER & FEDERGRUEN L1317,

3.2) provides a basic characterization of this set:

2.1

= {i | i € R(f) for some f « SPMG}'

10 set {£ € Spye | R(£) = R™} is not empty.
ofine n* = min{n(£) | £ e Spy. with R(f) = R*} and

%m;={fesmm|'Mf)=R*amZMf)=nﬁ.

. * *
e £ € SRMG' .
1y subchain of any f e SaMG 18 contained within a subchain of P(f ).

*

11 £ e S;MC have the same collection of subchains {R*a, a=1,...,0 }.

roany o € {1,...,0°}, g: = g*a (say) for all i € R,

2t R(l) R(m) be disjoint sets of states such that

yeos o

1) ©2f C Zs a subchkain of some f € SRMG’ then C < R*7, for some Kk,

l <k <m
2) there exists a £ € Spyn, with {R(k) | k = 1,...,m} as its set of
subchains.

hen m=n" and after renumbering R(a) = R,




Define the operator

_ k
(2.IQ) Tx = maxkeL(i) {qi + zj Pij xj},
where
oy _ . * _ k * .
L(i) = {k € K(i) | 8; Ej Pij gj}, for all i € Q.

Let Qn(and Tn) denote the n-fold application of the operator Q(T):

n

Q" = Q" '); ™ = 1(™ 'x);  n=2,... and x € EV.

The basic properties of both operators were studied in SCHWEITZER &
FEDERGRUEN [14]. In particular, it was shown that the Q operator reduces to

T in the following two ways:
(2.11) for each x ¢ EN, there exists a scalar to(x), such that

Qn(x+tg*) = Tn(x+tg*) for n=1,2,... and t 2 to(x) (cf. [14],
lemma 2.2 part (c))

(2.12) for each x € EN there exists an integer no(x) such that

n+l-n_ (x) n.(x)
" lx=1@™ =1 0 Q0 g,

‘or all n 2 no(x) (cf. [3] and [14], lemma 2.2 part (c))

We next consider the functional equation:

*

2.13) v+g =Tv.

et V= {v ¢ EN | v satisfies (2.13)} and define for any v ¢ V:

N

k _ k _ = k _ . .
2.14) b(v)i =q; -8 *+ 'Z] Pij vj Vi 1 e, k € K(1)

J




_ k _ _ _ .
b(v,£); = zkeK(i) £, V), = [a(f)-g +P(E)v - vl, ieq, feS§

ibserve, that for all v € V, maxkeL(i) b(v)? = 0, for all i € Q.

. . . * * ., . .
'inally, we define for any i € K, the set K (i) as the set of actions which
| pure maximal gain policy that has i among its recurrent states, could

)rescribe:

'2.15) K*(i) = {k ¢ K(i) | there exists a f e S, ., with i e R(f) and

PMG

f

ik 1}.

he following lemma gives the necessary and sufficient condition for a
. . . . * .,
jolicy to be maximal gain, characterizes the sets K (i) and shows that any
. . . . *x ., . .
>olicy that randomizes among all actions in K (i), in each of the states 1n

(*, and among all actions in L(i) for the states in @ - R*, belongs to S;MG:

.EMMA 2.2
(a) Fix v e V. A policy £ € Sy 18 maximal gain (Z.e. feSRMG) if and only if
(1) for all i e @, £, > 0 =k e L(i) i.e. P(f)g* = g*

(2) for all i e R(£),f,, > 0 bW =0 f.e. THDB,E) = 0.
(b) K*(i) = {(k e L(i) | there exists a £ € Spy,, with i e R(f), and f;, > O},

*

ieR.
(c) For any v € V,
L . K k . *0,
K (i) = {k € L(i) | b(v); = 0 and ) «q Bii = 1}, for all i e R 7,
jeR J _ *
o =1ly..0,0 &
(d) Define £ e Sg such that
* . . *
(k| £, >0} = {K 1), teR
L(1i), iefl-R.

* *
Then £ ¢ SRMG'

PROOF
(a) cf. theorem 3.1 part (a) in [13].
(b) Clearly, K*(i) is contained within the set on the right hand side.
.. * . .
Next, fix i e R', k € K(i) and f € SRMG’ such that i € R(f) and fik > 0,

and use lemma 2.1 in [13] in order to show that there exists a h ¢ SPMG’




7ith i € R(h), and hik = 1, as well, which proves the reversed inclusion.
c) Fix a € {1,...,n*}, io e R*®,
. * . . .
First, let k € K (i) and f ¢ SRMG’ with i ¢ R(f) and fik > 0, and apply
part (a) of this lemma, and part (c) of lemma 2.1, in order to prove
that K*(i) is contained within the set on the right hand side of the

equality.

k k
Next, take k, € L(i,) such that b(v)." = 0 and ) p.9 = 1, and fix
0 0 10 jeR*a ij
* * . * %
f e SRMG' Define f such that
* % * % * . o .
fiOkO =1, and fjk = fjk’ for all j # igs k € K(i).

Use part (d) of lemma 2.1, in order to show that all states in R*a~{io}
can reach state iO under PCf**) whereas state iO can only reach states
within R*%. We conclude that i, € R(f**), while £ ¢ §

0 RMG
verified using part (a) of this lemma, thus proving the reversed inclu-

, as can be

sion.

1) cf. remark 1 in [13]. il

We finally need the following lemma:

iMMA 2.3
1) Fix ft f2 € SR’ and let C] and C2 be two subchains of P(fl) and P(fz)
with period d! and d2 respectively, such that C1 n C2 # @.
Define f3 such that
(k| £2 >0} for ail i e ¢%\ ¢!

3 1 2 .12
{k[fik>0}= {klfik>0}u{k|fik>o}forazzlec nc

1 .
{k | £, > 0} otherwise.

Then
3
(1) C1 u 02 s a subchain of P(f3), the period d~ of which is a common
divisor of d] and d2.

(2) if £',£2 then £ ¢ s

€ Spme? RMG®

) For any f € Sgs define the set of pure policies SP(f) = XieQ{k | £ >0}.




Then for all m = 1,...,n(f):
(2.16) d™(£) = gec.d.{d"(0) | he Sy(E), 1 <1 <n(h), () cC (D]

PROOF
1

(a) (1) Show that C U 02 is a closed and communicating set of states for
R(f3). The former is immediate; the latter holds since any state in
Cl n C2 communicates with Cl U CZ.

. 3.n I,n 2.n .
Since {n | P(f )ii >0} 2 {n | p(£ )ii >0} U{n | P(f )ii > 0}, it
follows (cf. (2.5)) that d3 = g.c.d.{n I P(f3)rili > 0} is a common divi-

isor of dl and d2.

(2) Observe that for each i € Q, f3 >0 only for k € L(i) since it
follows from lemma 2.2 part (a) that f ik > 0 and ff > 0 only for
k € L(i). Using the fact that R(f ) < R(f ) U C2 and applying
lemma 2.2 part (a2) one verifies that f3 € SRMG'

(b) Fixme {1,...,n(f)} and h € S (f). Since Cm(f) is closed under any
policy in S (f), P(h) has a subchaln C (h) < ™ (h) (1<r<n(h)). Since

P(h)ij >0 only if P(f)i > 0, and since 1 € C (f) implies that
P(f)ti:i > 0 only if t is a multiple of dm(f), it follows that for

ie Cr(h), P(h)'i:i > 0 only if t is a multiple of dm(f). Thus (2.5)
implies that the left hand side of (2.16) is less than or equal to its
right hand side. '

To prove the reversed inequality in (2.16) fix i € Cm(f) and recall from

(2.5) that
(2.17) dm(f) = g.c.d.{n | there exists a cycle (so=i,...,sn=i) of P(f)}.
We next show that

(2.18) for each cycle S = {s0 -»8_ = i} of P(f), there exists

S.5ee
l’
a pure policy g € SP(f) which has i recurrent and contains the
same cycle.
As a consequence, we obtain that each of the elements in the set to the

left of (2.17) is a multiple of the period of a subchain of a pure policy




hat lies within Cm(f), thus proving the reversed inequality in (2.16) and
ence part (b).

n order to show (2.18), construct the policy h ¢ SP(f) as follows:

et h = 1 for any one k such that f > 0 and PK >0 (1=0,...,n-1);
slk slk s.s
17 1+1
or j ¢ Cm(f), let hjk = 1 for any one k such that fjk > 0.

fS 4# Cm(f), let A initially be equal to S, and define A = Cm(f)~A.

Next, the following step is performed:
hoose a state j € A and an alternative k such that fjk > 0 and P%t > 0 for
ome t € A, transfer j from A to A and define hjk = 1. Such k and t can
lways be found since all states in Cm(f) communicate under P(f). Repeat
ais step for the new A and A, until A is empty. This construction shows
rat S is a cycle for P(h), with i € R(h) since i can be reached from any

tate in Cm(f), and Cm(f) is closed. a

IMARK 1. The period d3, defined in part (a) of the previous lemma, does

>t necessarily have to be the greatest common divisor of d1 and d2. Take

P(£') =[ 010 Jand P(¢2) = [ 001 ] with d =d2 =3 and a3 = 1.
001 100
100 010
3

g.c.d.{d],dz} does hold, when P(fl) and
‘fz) merely differ in one row, the corresponding state being recurrent for

'th chains (cf. part (b)).

'wever, it can be shown that d

- THE PERIODICITY STRUCTURE OF THE POLICIES IN SRMG

We first define

1) d(o) = min {d™(£) | £ € S, 1 <m < n(E), C™(E) < RY),
o = 1,.,.,n*
.2) d, = min {d"(f) | £ « Spvce ! €m < n(f), i e cC™(E)}, iR
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(o) [d ] denotes the minimum of the periods of the subchains of the

1 gain p011c1es that lie within R*® [that contain the state i]. Let
*

RMG be defined as in lemma 2.2 part (d), i.e. let

k| £, >0} = K*(i), 1ieR"
L(i), ie QR

Y(£*) with the

ch o = l,...,n* and t = 1,..., du(f*) let R*a’t
. . *0,t . o, %
tion that hereafter t in R is taken modulo d (f ) (e.g.

= "% g ¢ = %M+,

M 3.1: (Periodicity structure) (cf. lemma 2.1)
*

(£%) = d(a), a = 1,...,0 .

xae {l,...,n *}. Let h e S and c® (h) < R, Then d™(h) Zs a mul-

ple of d(a).

a) = g.c.d.{dm(f) I f e SPMG’ 1 <m < n(f), Cm(f) S.R*a}, a = l,...,n*.
= d(a) for all i e R*“, a=1,...,0 .

@) = min{d®(f) | £ e N G}’ a = l,...,n*.
e set S;;G {f € S l d%(f) = d(a), o = 1,...,n"} is non-empty.
w each i ¢ RY, say i e ™Y (1sasn®; 1st<d(a)) and k e K™ (i):

> 0m e R*a,t+l

L]
wr each h € S RMG’ and i € R(h) N R*a’t

{h)ij > 0 only for j e R *a, t+l n R(h).

(1<as<n™; 1<t<d(a))

with ¢®(h) c R*® (1<m<n(h);1sasn®). CT(h) has d"(h)/d(a)
st (1st<d(a)).

‘L f e SI:;IG have the same collection of c.m.s.

a=l,...,5n ,t— .,d(a)}.
M .
R( ) be dzsgoznt sets of states, such that

RMG® then C < R

A h e SRMG’
m.s. Wwithin each of the sets R

R
:t R
1) 2f C is a c.m.s. of some subechain of some f € S

*Ol.t(

(1)
(k)

for some k, 1 < k < M,

2) there exists a £ € Spyes with {R(k) | x =1,...,M} as <ts eollection
of c.m.s.
* *
M = ZZ=1 d(a) and after remumbering R - R*E, k= 1,...,22=1 d(a).

BIBLIOTHEEK W‘/ﬁ‘THFMA TSCH CENTRUM

TERDA Wi

e P
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>ROOF
(a),(b) Fix a € {l,...,n*} and let h ¢ SRMG’ with C™(h) E_R* * some m,
1<msn(h)). Define £ such that

* * . m
{k | fzk >0} = | {k | hy >0} U {k| £ >0}, 11ie c™h)

{k | f;k > 0}, otherwise.

It then follows from the definitions of the policy £% an sets K*(i)
(cf. lemma 2.2 part (b)) that

{k | £5 >0} = (K*(i) for i e R
{L(i) for i € Q-R*

which implies that £ and £ have the same chain- and p city struc-

ture. In particular,
a®(£*%) = a%Y).

On the other hand, applying lemma (2.3), part (a), it fol that

da(f**) is a divisor of dm(h), hence
3.3) d*(£¥) divides d™(h),

1ch that

d(a) < d*(£") < min{d™h) | h ¢ Seaes | < m < n(h) ) < R*}
= d(a).
This proves part(a), whereas the combination of part (a) i.3)
proves part (b).
:) Define £% as in part (a), use the fact that d(a) = da(f*) prly
lemma (2.3) part (b).
) Fix i € R*®. Clearly d; 2d(a) (cf. (3.1) and (3.2)) and u t (a) to

show di < d(a) as well,
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) immediate from part (a).

*0, t+]

yserve that P(f*)ij >0=3eR (cf. (2.4)) and use lemma 2.2

irt (d).

;e the fact that hi > 0 only for k ¢ K*(i) (cf. lemma 2.2 part (b))

k
id apply part (g).

scall from part (b) that dm(h) is a multiple of d(a). Take i € Cm’l(h),
ssume 1 € R*a’t(IStSd(a)) and fix s € {0,...,d(a) —-1}. In view of part

m
. _ d (h) _ ;.
1), we obtain for r = 0,..., TN 1:

ndm(h)+rd(a)+s
ij

P(h) > 0 only for j € R tS n=1,2,...
m

‘i“ji (h)+rd(@)*s o o g0 211 § ¢ ™ TI@O*SH gy 0 (er.(2.4))

d"(h) _

d(a)

ince 1lim P(h)

e m,rd(a)+s+l(

o t+
2 conclude that C S

h) < R for r = 0,..., 1

hich proves part (i).

et f ¢ S;;G and fix o € {1,...,n*}. It follows from part (i) that each

e sets R*® t(1<t<d(a)) contains exactly one c.m.s. c**8(¢f) (for some

(a)) of P(f).

ince R*a = Ugi?) Ca’s(f) = UiiT) R*a’t, we conclude that for any
< s < d(o):
Ca’s(f) = R*a’t for some t = t(s)
* %

have the same collection of c.m.s.

*0,t E_R(k(a’t)) for a = l,...,n*§

hich proves that all f € SRMG

pply property (1) to conclude that R
=1,...,d(a), and apply property (2) and part (i) to conclude
(k)

R < some R*a’t, k=1,...,M. O

K 2. In [13], a finite procedure was given for calculating R*,n* and
R™® after using the Policy Improvement Algorithm to find g* and aveV.
Part (a) of the previous theorem shows that this procedure can be

a,B

ded in order to find the d(a), the sets R and a f € S;;G in a

:e number of calculations, as well:
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(1) For each i € R*, determine the sets K*(i) (use lemma 2.2 part (c))

. * *%
(2) Define f € SRMG by

*

*x ,., . *
ik > 0} =1K (1), ieR

L(i), i e Q-R”

{k | £

Then the cyclically moving subsets of each subchain R* of P(f*) form tl
*0, B,n*
R7 P

Consider the following example:

EXAMPLE 1:

< Pkl PEZ P?B P?a Pts q& s ne) ey ey dlee) «
1100 ol o a,,,,0| 2| uy | 2,3 I
1ol o1 0 [ay<0| £2l(,1,5,1,2) | 2 | (1) | (2,3) I
20l 0|0 1|0} O g3 (1,1,1,1,3) | 2 {1} (2,3} 1
ol 1]ololo| of £la,2,1,1,10] 2| 11 l2,3,4,53] 1
tlolololo|1] ol £la,2,0,,2| 2| 113 |2,4,50 | 1
tjolol1]olo]| ol ££la,2,1,1,9] 1] — 1

2| 0] 1 olo q§s0

3011 o olol o Table 1:

Table 1 lists the six pure policies, their subchains and periods.
2
5)'

;" = (0,0,0,0,0); K(i) = L(i) for all i € © and V = (CHARE SN
b, 0" =2, R = (135 R*% = (2,3,4,5); since d(1) = I,

Jbserve that (whatever the specific value of q;,q

{1=X2=X3=X42X5

LRI E
Next, consider the following cases:

1 2 * *
ase q, dqg SpMc K (2) K (5)

1| o oleel, €2, 83,64, 2,% | t,2 | (1,2)

2 <0 ] 0 {fa,fs,f6} {2} |[{1,2}

3 | ol<0o| t£,e2,63,6%6% |, | =

4 <0 | <0 {fa,f6} {2} {2}
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jefine £ € SR as in lemma 2.2 part (d):

10000] [t0000]
00xx0 00010
£y = |o1000 01000
00001 00001
|0 x x 0 0 |0 x x 0 0]
case 1 case 2
[10000] [10000O0]
00xx0 00010
P(£y = |01000 01000
00001 00001
00100] [(00100O0]
case 3 case 4

1 g.c.d. {2,2,2,4,3} (cf.th.3.1(a)).

In case 1, P(f*) is aperiodic and d(2)

In case 2, P(f*) is aperiodic and d(2) = 1 = g.c.d. {4,3} ( " ).

In case 3, P(f*) has R*2 periodic with d(2) = 2 = g.c.d. {2,2,2,4} ( " ).
R*2:1 - (2,5); ’%2 = (3,4)

In case 4, P(f*) has R*2 periodic with d(2) = 4 = g.c.d. {4} ( " ).
21 - 21 R 2 = ) ®¥203 = (535 RMD4 - (3.

Thus randomization is essential for both the recurrency properties and the

periodicity structure: it plays the indispensible role of coalescing sub-—

chains and of decreasing periods. In general, there may fail to exist a pure

maximal gain policy f with R(f) = R*, or which achieves the minimal number n*

of subchains, or which achieves the minimal period in every subchain. For

instance, case | of example 1 with state 1 and action 3 in state 5 omitted,

shows that

(a) all pure (maximal gain) policies have periodic tpm's, while a randomized
(maximal gain) policy is aperiodic.

(b) none of the pure (max. gain) policies has R* as its recurrent set,

although a randomiged (max. gain) policy does.




Observe that , whereas d(a) = g.c.d. {dm(f) | fesSs 1 <m < n(f),

PMG”™

c™(£) < R"%} for all a 1,...,0" (cf. part (a) of th.3.1), we may have

IA

d; = g.c.d. {d"(f) | fes 1 <m<n(f), i e C(E)} <

n(f), i e C™(£)}

IA

< g.c.d. {d"(f) | £e¢s 1 <m

PMG’

(Take case 1 of example 1, and i = 3).

4. THE MULTI-STEP POLICIES
Fix an integer J = 2, and observe from (1.2) that

N ~ 3
4.1) Q X, Tmax gy {qi + Zj Pijxj} where

J 1 J

) | f,...,f € S_.}

K@) = {(£,...,f .

q; = q(f‘)i " P(f])q(fz)i Fot P(f])...P(fJ_l)q(fJ)i,

iecn, £= (..., € Ri)
Ffj = p£ ... P(fJ)ij; 1 <i,j<Nand £ = (£,...,80) ¢ R(i).
Let Q = QJ, and define a related "J-step'"-MDP, denoted by a tilde, with
as its state space, E(i) as the (finite) set of alternatives in state
€ Q, a% as the one-step expected reward and ﬁgj as the transition proba-
ility to state j, when alternative £ ¢ E(i) is chosen when entering state i.
Let §R dentote the set of all (stationary) randomized policies with
:spect to the above defined MDP, and observe that
J

R~ Xieq *r=1 Sy

22

In complete analogy to the definitions given in section 2, we define

le operator T, the sets S., S S Sr s¥* R, RF ﬁ*a’s V the
or e e P> °PMG’ "RMG’ “RMG’ "RMG’ > % 2 % o V.

itegers n , d(a), di’ for each ¢ € §§, the quantities q(¢),2(9),1(¢),g(d),

f¢),3m(¢), and for each i € Q, the set f(i).
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Observe that a "J-step policy" ¢ € §k is specified by NJ "one-step"

policies {¢r,1 | r=1,...,J; i=1,...,N} such that policy ¢ uses "action"

et o2t 67Ty ¢ B(i) while in state i:

a'(d))i = q(¢l’l)i + P(¢l’1)Q(¢2’])i +"'P(¢1’1)"'P(¢J_]’l)q(¢J’l)i

Joiy

Bo)y = IO T 10 g

The following theorem characterizes the "J-step' maximal gain policies
and shows how their chain- and periodicity structure are connected with the

corresponding ones in our original MDP.

First, define for any ¢ € SR:

Gl epG Y. e, 501, ie, r=1,...,7

. r,i
@2 TN g

i) = (i, ieq.

THEOREM 4.1. Fix J =2 2. Then

(a) E* = Jg* and {¢ | there exists f ¢ SRMG such that ¢r,1 = f for all
r=1l,.e.,J; 1 =1,...,N} ¢ SRMG"

(b) Let & = (fl,...,fJ) € K(i). The following statements are equivalent:
(1) € € L)
(2) £}, = 1 =k e L),

£f = 1=k e L(j) for 2 <t <Jand all j, such that

ik 1 r—i
P(f )...P(f )ij > 0.

(c) V 48 an n -dimensional subset of the n’-dimensional set V.
(d) Fix v € V. Then ¢ € gRMG if and only if

(4.3) ¢§;1’1 >0 =%k e L(i), fb?_aiz j e Tr’i(¢), ieQ, r=0,...,J-1
+1,1 . i .y
b(v, ¢ 1)j =0 forall j e TN (¢), i € R(¢), £ = 0,...,J-1.

(e) Fix £ ¢ s;;G, and take ¢ ¢ 8, such that ¢*T = f for alli e 9,




r=1,...,J. Then
(1) R(s) = R,
(2) The collection of subchains of §(¢) 18 given by:

*
o=1l,,0.,n 31

4.4) {um xo,rHkd

R

k=1 l,...,g.c.d.(J,d(a))}

.

(3) Each of the R*a’B(a=l,...,n*; B=1l,...,d(a)) Zs a cchicaZZy moving

subset of §(¢).

£) ¥ = r".
~% ~% ] * +kJ

g) {(R7Y | y=1,...,n } = {Uk=]R @ x | o = 1,...,n*; r=1,...,g.c.d.
Tt zn* . (J,d(a))}

o=] 8°€¢:d-(J,d(@)) 2 n".
h)‘{ﬁ*a,ﬁ} ='{R*a’8}; Z.e. fix a e'{l,...,n*}. Then
3(8) = d(a)/g.c.d.(J,d(a)) for all E*B.S R,

ROOF
a) Let ¢ € §£MG' Observe that v(nJ) = QJv((n-l)J) > a(¢) + §(¢)v((n—l)J) >

>[I+ ... + gn-](¢)] a(¢)+ §H(¢)v(0). Hence,

4.5)  g" = lim YR, 1AM _ Gy,

n->e

Next, let f € S G’ and define ¢ € §R’ such that ¢r,1 = f for all 1 € Q,

RMi
r=1,...,J; Observe that
~x o~ .. 1 en-l ok, .\~ _
n-—>o
1ol kd J-1 [ N o' K ~
= lim — 2k=0 PUU(E)[T+. . .+R™ (£)1q(f) = lim - zk=0 P(f) q(f) =
n->e n->-o

J(£)q(£)) = Jg*

hich together with (4.5) proves part (a).
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Recall that g* > P(f)g* for any f € SR. If £ ¢ f(i), then for each r,

1

g .. .p(tNg] < 8] = I §§jg; - peY) .. D)

J. %
)...P(f)g ]i

< p(eh)...2(f)s].
1 r, *x _ * _ . . . * v 1 *
Hence, P(f )...P(f )gi g;- When r = 1, this implies 8 = Lj P(f )ijgj
hen r > 2, this implies that [P(fr)gg] = g; for all j, such that
e N, > 0.
1]

(f],...,fJ) € f(i) and observe from part

Fix v e V, and 1 € Q, take &

(b) that
* 1 * 1, *
V. 2 q(f )i -8t [P(f )v ]i.
* 2 * 2, * . 1
vj > q(f )j - gj + [P(£f7)v ]j, for all j, such that P(f )ij > 0.
% J * J,_ * . 1 J-1
vj > q(f )j - gj + [P(f7)v ]j’ for all j, such that P(f )...P(f )ij >

rt the J inequalities successively into each other and conclude that
* ~g ~E * * &~
vizq] ¥ Zj Proovi = Jggs for all £ e L(i)

. . 1 J,
reas the equality sign holds for & = (f ,...,f ) iff

5 b(v,ED, =0
. -1
b(v*,fr)j = 0 for all j such that P(fl)...P(fr )ij >0;r=2,...
* ~% ~E ~E * ~ .
We conclude that v, + g; = max {qi + EjPij Vj} = Tvi for all ieQ,
fel(i) or v ¥

Hence V < V. The dimensions of V and V follow from th.5.5 in [13].
Apply lemma 2.2 part (a) to the "J-step" MDP, and use the fact that
v eV (cf. part (c)), in order to show that ¢ € gRMG’ iff

7) $i€ >0=£ ¢ L(i) for all i e ©

S(v,cp)i =0 for all i e R(¢).
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Jse part (b), (4.6) and (4.2) in order to prove that (4.7) is equivalent to
be3).

e) Fix a € {1,...,n*} and r,B ¢ {1,...,d(a)} such that B = r + kJ (modulo
d(a)) for some k = 1,2,...
It then follows from th.3.1 part (j) and (2.5) that P(f)??(a)+kJ >0

for all n sufficiently large, i R**T and j e R*a’s.

Since P(¢) = P(f)J, it follows that
~ nJ+k
P(¢)ij

which shows that all the states in each of the sets in (4.4) communicate

> 0, for all n sufficiently large, i € R T and j e R*® B

with each other for §(¢). In additioq, we observe, using th.3.1 part (g)
that each of the sets in (4.4) is closed under §(¢) as well which proves
that all of these sets are subchains of §(¢), and §(¢) E.R*' We complete
the proof of parts (e) (1) and (2), by showing the reversed inclusion

R(¢) < R*, merely noting that for all i e Q\R*,

~ s S\ _ . nJ _
H(¢’)ii = lim P(q>)ii = lim P(f)ii = 0.

n->o n->eo

We next fix a € {1,...,n*}, Be {l,...,d(a)} and a state i ¢ R*%> 8,

*a, B

>serve from th.3.1 part (j) that R is a cyclically moving subset of

f) and use (2.4) and (2.6) in order to show

1.8) P(f)r.lli >0 = P(f)?j > 0 for all n sufficiently large, and all

j e R %>

B
P(E)}, > 0= P(f)‘i‘j =0 for all n = 1,2,... and j ¢ R***P,

'te, using §(¢) = P(f)J that (4.8) holds for §(¢) as well and conclude

at each of the R*a’B is a cyclically moving subset of §(¢), thus proving
rt (e) (3).
), (g) and (h) Fix ¢ € ngG and let C be a subchain of P(4).
Define
= _ J r,i
T - U ~ Ur:] T (¢)

ieC




(cf. (4.2)) and observe that

5 o sl
C - Ui€C T (¢)’

1ence
(4.9) E.E‘T,

for each j € T, let Aj = {(r,i) | 0<sr<J,ieCandje Tr,1(¢)

Next fix v € V, and define f ¢ SR such that

r+l,1 .
U(r,i)eA.{k | ¢jk > 0} for j €
k| £, >0} = J y
J {k € LG | b(v)j = 0} for j ¢

Use part (d) in order to show that for all i e Q:

b(v,f)i = 0 and fik > 0 only for k e L(i), henci-f € SRMG via lemr
part (a). Since T is closed, and the states in T communicate with
other for P(f), we conclude, that T is a subchain. This implies u

lemma 2.1 part (e) that

(4.10) E.E‘T.E R (for one a, 1Sasn*)

~ ~k

which proves ng R* and hence part (f), the reversed inclusion R

following from part (e) (1),
Next, fix i ¢ C. We then have in view of (4.10) that i e R'"

some B, 1 < B < d(a)). Use the fact that T'E'R*a, and th.3.1 part

order to show successively that

*0,, B+T

T°°1(¢) < R for r = 1,...,J.
‘n particular, we obtain that
, o~ ; *q, B+
4,11) { | P(¢)ij > 0} = 71 () <R % B+ such that

~ . ~ k )
cC=1{j| P(¢)ij >0 for some k = 1,2,...} < U _, R

thich together with part (e) (2) proves part (g), using lemma 2.1
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Finally, a repeated application of (4.11) shows that
B(9)}; > 0= §(¢)‘i‘j =0  for all j ¢ R"®, and all n=1,2,...

which in view of (2.6) shows that each of the cyclically moving subsets of

~ 3 . . *
each of the policies in SRMG lies within one R o8

part (e) (3), proves part (h), using th.3.1 part (k). [

. This, in combination with

REMARK 3. It is well known from Markov Chain Theory that the chain struc-
ture of the J-th power of a single stochastic matrix P(f) is related to the
chain structure of P(f) in the following way:
(a) the states that are transient (recurrent) for P(f) are transient
(recurrent) for PJ(f).
(b) One obtains the subchain of PJ(f) as follows
for each subchain Cm(f) (m=1,...,n(f)), partition the collection of
cyclically moving subsets {Cm’B(f) l B = l,...,dm(f)} (where the number-
ing of the c.m.s. satisfies (2.4)) into g.c.d. {J,dm(f)} subcollections,
such that
(1) each of the subcollections contains exactly dm(f)/g.c.d. {J,dm(f)}
c.m.s.
(2) the rank numbers of the c.m.s. within the same subcollection differ
a multiple of g.c.d. {J,dm(f)} (modulo d™(f)).
c) the collection of all the c.m.s. of P(f) and the one of PJ(f) coincide.
‘arts (f), (g) and (h) of thelprevious theorem show that the same correspon-
lence holds with respect to the chain structure of the set of "one-step"
iaximal gain policies, and the one of the set of "J-step" maximal gain

wolicies.

ionsider, for instance, the "2-step" MDP in example 1:

case J ;* ﬁ*l E(l) E*l’] E*z 3(2) §*2,1 E*Z,Z
| l l | |

3 21 3 {1} 1 | {1} {2,5} Pl {2,5}‘ —_

4 f2 3 (0o {1y [ {2,582 | {2} | {5}

3 14|30k 1o {1y [ {2,5}} 1 | {2,5}| —

4 451111 1 ) {1} {2y + 1 | {2} | —
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3 qay 3! R3O/ ® Y de) 7!
| I | | | 1 1

13,4} | 1 1{3,4} | | [ l

{3,4} 2 | {3} | {4} | | | |

{3,4} ] 1 [1{3,4}1 l | l l

3} 1 1 1 {3y | — [{s¥l 1 1 sy [ {5} 1 | {5}

Table 3:

'y that o = Z§= g.c.d. {J,d(a)} and that d(a) = d(2)/g.c.d. {J,d(2)}

1
~%

= 2,000,501 o)

Jefine d* = least common multiple of {d(a) I o = l,...,n*}.

he following corollary will be needed for the analysis of the asymp-

behaviour of v(n):

ARY 4.2. Let J = d~. Then

%0, B

(R | y=1,...,n°} = {R | @ =1,...,0" ¢ 8 = 1,...,d(a0)].

E ASYMPTOTIC BEHAVIOUR OF v(n)

n this section we study the asymptotic behaviour of v(n). We show
v(nJ+r) - (nJ+r)g*}:=l converges for every final reward vector v(0),
only if J is a multiple of d*, and as a consequence that

- ng*}:=1 converges for every vector v(0) if and only if there exists

riodic randomized maximal gain policy that has R as its set of

‘ent states.

M 5.1.
(n) - ng*}:=I 78 bounded.
'f. LANERY [6] proposition 7). If f € SRMG? and C is a subchain of P(f),
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with period d, then %ig [v(nd+r) - (nd+r)g*]i exists for all i € C,
= 0,...,d-1 and v(0) € E".
(c) lim [v(nd(a)+r) - (nd(a)+r)g*]i exists for all i e R°®, a = 1,...,n",
r=1,...,d(a) and v(0) € EN.
(d) %ig [v(nd*+r) - (nd*+r)g*]i exists for all 1 € Q, r = 1,...,d* and all

v(0) € EN.

PROOF .
(a) cf. BROWN [3] (corr. 4.3) and SCHWEITZER & FEDERGRUEN [14], remark 1.
(b) Note that

v(n+l)i > q(f)i + P(f)v(n)i, ie C.
* * * . .
(n+l)gi =g + nP(f)gi, 1€ C, since f ¢ SRMG (cfflemma 2.2,
part (a)).
* * * . . *
v, = q(f)i--gi + P(f)vi, ieC, for any v € V.

Fix v e V, let e(n) = v(n) - ng* - V*, and subtract the above equalities
from the inequality, in order to get e(n+l)i > P(f)e(n)i, i € C and by

induction
(5.1) e(md+nd+r) > p(£)™d e(nd+r);, ieC.

It follows from part (a) fhat the sequence {v(nd+r)i - (nd+r)gz}:_l
1id hence {e(nd+r)i}:=] has at least one cluster point.

)r any ie€C, let X, and s be two cluster points of the sequencé{e(ndﬂ‘)i}Oo 1
n=

msider (sub)sequences {nk};;l and {mk}:___1 of the sequence of positive
\tegers, such Fhat &ig e(nkd+r)i = xi, 1 € C and %&g e(mkd+nkd+r)i = yi,
€ C. Replace in (5.1) n and m by n and m s and let k tend to infinity,
1 order to conclude

5.2) yi > ZjeC Wij xj,

- _ 4 nd | . .
here nij = %&g P(f)ij 7 1, € C.




1y (5.2) by m = 0 to get my = 7x. Since x and y are arbitra
,, we have the reversed inequality Tx > my as well, hence mx

iequence, (5.2) becomes

> - .
y. = zjeC “ij yj, 1 e C.

)1y these inequalities by m > 0, and note ?ii > 0, for all i

i, to conclude that

3

[;&]i, ie C.

<
]

y. . X, = X. for all i € C
i i i i

1]
3
«
il

proves that e(nd+r)i}:_] has exactly one cluster point, fo
fn=
ke £ as in lemma (2.2) part (d), and apply part (b), using

irt (a). .

: suffices to prove that %ig [Qnd v(0) - nd*g*] exists for a
*

scause then %ig [v(nd*+r) - (nd*+r)g*] = %ig [Qnd v(r) - nd*

111 also exist for all v(0) and all r.
*

)efine 6 = Qd and consider the d*-step MDP, as described in

7(nd*) - nd*g* = 6nv(0) - ng* (cf. th.4.1 part (a)). Fix v(0

e ~n ko - 14 ~n _
X, = 11%+énf [Q v(0) - ng ]i 3 Xi 11g+gup [Q v(0)

‘rom part (a), it follows that that - » < x, < X, < » for a
i

i
re, using (2.11) that for all n sufficiently large

(v (o) - (n+1>§*]i = [TQ"v (0) - (n+1)~g*]i = [T[Q"v(0) -

jad 1

~ ~% ~E ~n
= max {q;-g.+). P;.[Q v(0)
EeL(i) R

25

ster
As

ieC.

‘):

rg

on 4.

define

ieq.
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Fix i € Q, take (sub)sequences {nk}:_1 (with %ig nk=w) such that
=1_,1

%ig [ankv(O) - nkg*] exists and &ig [a v(O)-—(nk+l)§*]i==xi (or Xi.resp.).
Replace n by n in (5.3), and let k tend to infinity in order to conclude

~E o~k 58 .
(5.4) X, < max [q; - g. + z. P>. X.], ie Q.
i gel(i) T i j i3 73
~ ~% NE .
(5.5) X, 2 max _ [q7 - g. + Z. P7. x.], ie Q.
t EeL(i) + 0t 71 11

If ¢ achieves the N maxima in (5.4), w. have

(5.6) a9 -8 +P@x<x<X<q@) -g +F@e)x

or 0<X-x<B(¢)(Xx),

whence we get, by iterating this inequality
0<X~-x<T(¢)(X-x).

Je complete the proof of showing X - x = 0 by demonstrating that (X—x)i==0
for all i ¢ §(¢).
fultiply the right inequality in (5.6) by E(¢) 2 0, noting that ¢ has

support on XieQ E(i), in order to get

0< () [q(¢) ~ g 1=2g() -5 <0,

~

, he : RMG and B
:(¢) <R =R (cf. th.4.1 part (f)) which proves (X—x)i =0, 1 € R(9),

ince part (c) shows that (X—x)i =0 for all i e R". [0

here the last inequality follows from (2.8). Hence ¢ ¢

We next show that the sequences {v(nJ+r) - (nJ+r)g*}:= do not converge

1
or all final reward vectors v(0), unless J is a multiple of d*.
owever, we first need the following lemma.

*
EMMA 5.2. Define Q = Qd > and consider the corresponding "d*-step” MDP.

et T,V be defined as in section 4, and fix v e V.
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(a) For all v e V, we have

~

~ *
v = v + X, where there are n" constants {ya’Bl a=1l,...,0 3B=1,...,d(a)

o,B

with the convention that the superscript B iny 18 taken modulo d(a),

such that for all o € {1,...,0%}, and B € {1,...,d(a)}:

(5.7) x; = v*®  for a1l i e R*®B,

(5.8) (Tm;)i =v, * mg; + ya,8+m for all i € R*a’B; m=0,1,2,...

»B

(b) Vv € V can be chosen such that all the ya are distinct.

PROOF .
(a) Observe, using th.4.1 part (c) that v € V, and use th.5.1 of SCHWEITZER

& FEDERGRUEN [13] in order to show (5.7).
*

RMG and observe, using lemma (2.2) part (a) that

Next, take f € S

(5.9) T > q(f) + H(OT™ 'V, m=1,...,d"

Using the fact that VeV and inserting the a* inequalities in (5.9)

successively into each other, we obtain

* * *

dS s+ ... +2®d 1 q) + )T,

(5.10) v+dg =Tyt

By multiplying (5.10) with II(f) 2 0, we conclude strict equality for all

components i € R". It next follows from (5.9) that

*

d

*
T Gi - [q(f) + p()rd !

T;Ji for all i ¢ R,

and more generally that

1~

(5.11) [TkGJi = [q(f) + p(E)TS" V), for all k = 1,...,d" and.

*

- . *
ie {i] P(f)ﬁi K . 0 for some i ¢ R'} = R*,

where the last equality follows from R(f) = R".
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We next prove (5.8) for m = 0,...,d". It then follows that (5.8) holds
*

for any value of m, since for all m = 1,2,... and m = Iyee.,d
d*+ m d* * % * %
nd +m~ nd ~ m,~ m~
., = ., = . = . + . =
T v, T (T v)1 T (v+nd g )l nd 8; T ]

*
0, B+m o,R+nd +m

* * * * *
= nd 8; + v, + mg +y =v, + (nd +m)gi +y

- . *0., B
for all 1 € R .
'irst observe that (5.8) holds for m = 0. Next assume it holds for m = k,
jith 0 < k < d°. It then follows that (5.8) holds for m = k + 1, as well

since, using (5.11), and th.3.1 part (g)

(Tk+];).

k> -
i [q(f) + P(f) T v]i =

o, B+k+1

q(f). + )
t jeR

. *
xa,pe1 P(B)j5lvy + kg vy }

0 + v, + (k+l)g; + ya,8+k+l.

b) It follows from th.5.5 in SCHWEITZER & FEDERGRUEN [13] that the n~

o8 | o = 1,...,n*; B =1,...,d(a)} may be chosen indepen-
~k

dently over some (finite) region in ET ,

parameters {y

HEOREM 5.3. .
a) Fix o ¢ {1,...,n*}, ice Rfa, Jzl,and r e {0,...,J - 1}
lim v(nJ+r), - (nJ+r)gI exists for all v(0),
only 2f J is a multiple of di = d(a).
b) Fie J 2 1 and r ¢ {0,...,J-1}
lim v(nJ+r) - (nJ+r)g" exists for all v(0) € E' only if J is a multiple
*
of d .

ROOF .
a) Fix v € V, and choose VeV as in part (b) of the previous lemma. Pick

t large enough that Qn(;+tg*) = Tn(;+tg*), for n = 1,2,... (cf. (2.10)).

. . * ~ ~
Finally, let i € R ®>B (1<g<d(a)). Observe that v + tg* € V, and zpply

lemma 5.2 part (a) in order to show

nJ+r ,~ nJ+r ~
Q

* * * * o, B+nJ+r
= = tg, . + (nJ+r)g, + .
(v+tg )i T (v+tg )i tg, + v, (nJ r)g1 y
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Hence,
* +nJ+
nJ+r(v+tg ) - (nJ+r)gf =v, + tg, + ya’B it
i i i
~ * 0,8 *
Since 11m Q (v+tg ) - (nJ+r)g exists and since the y (a=1l,...,0 3}

B=l,... d(a)) are chosen to be dlstlnct, we must have B + nJ + r (modulo
d(a)) = y (say) for all n large enough, which implies that J is a mul-
tiple of d(a).

(b) Since 11m [v(nJ+r) - (nJ+r)g ] exists for all i e R* and v(0) € EN, it
follows from part (a) that J must be a multiple of the d(a) (o=1, .,n*)

hence J is a multiple of d .

Combining th.5.1 parts (c) and (d), with th.5.3, we obtain our main result.

THEOREM 5.4.

(a) Fix o € {1,...,n*}, ie R*a, and two integers J and r. Then
%ig v(nJ+r)i - (nJ+r)g: exists for all v(0) € EN, if and only if J s
a multiple of d(a) =

(b) 11m v(nJ+r) - (nJ+r)g exists for all v(0) e EN, if and only if J is a
multzple of a*.

REMARK 4. The following conditions are equivalent statements of the necessary
and sufficient condition for the convergence of {v(n) - ng } -1 for all

v(0) € EN.

(1y 4 =1.

(II) There exists an aperiodic randomized maximal gain policy f, with
R(f) =

. * . 3 3 3 3 . .
(III) Each state i ¢ R lies within an aperiodic subchain of some randomized

maximal gain policy.

*
(IV) For each o € {1,...,n } there exists a randomized maximal gain policy

. . e . o e *
which has an aperiodic subchain within R @

(Observe that (I) = (II) as a result of th.3.1 part (a), (I1) = (III), and
(II1) = (IV) are immediate, whereas (IV) = (I) is immediate from (3.1)).
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We note that in (II), (III) and (IV) the adjective "randomized" cannot
be replaced by '"pure"; in fact, the modification of example 1, case 1 where
K(5) = {1,2} shows that d* = 1 can occur, with all of the pure policies
being periodic.

Moreover, example 1, case 1, case 3 and 4 show that the addition "with
R(F) = R in (II) is indispensable: f6 is an aperiodic maximal gain policy,
10wever with R(f6) c R,

Finally example 1, case 3, with d* = 2, shows that %ig v(n) - ng* fails
to exist for some v(0) ¢ E5 (take v(0) = [2q§ qg 00 qé], observe that
7(2n+1) = [2q§ 0 qg q§ 0] and v(2n) = [2q§ qg 00 qé]. Note that v(0) € V-V

and cf. th.5.3).

HEOREM 5.5. The following conditions are sufficient for the existence of
im [v(n) - ng"] for all v(0) ¢ EN.

(I)  All of the transition probabilities are strictly positive.
k

Pij > 0, for all i,j € Q, and k e K(i)
. (cf. BELLMAN [2], BROWN [3]).

II) For all v(0) € EN, there exists an aperiodic f ¢ Sps and an integer n
such that

OJ

v(ntl) = q(f) + P(E)v(n),  for all n = n, (cf. MORTON [81).

III) There exists a state s and an integer v 2 1, such that

P(f‘)...P(f")iS >0  forall £,6%,...,6 ¢ Sp5 i€ 0

(cf. WHITE [16]).

[V) FEvery f € So is aperiodic (cf. SCHWEITZER [11] and [12]).

V) Every f € SouMG is aperiodic (cf. SCHWEITZER [11] and [12]).

/1) For each i e R*, there exists a pure maximal gain policy £, such that
state i is recurrent and aperiodic for P(f).

I11) Every pure maximal gain policy has a unichained tpm, and at least one

of them is aperiodic.
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PROOF . (I) = (II1) = (IV) = (V) = (VI) where the last implication follows
from lemma (2.1) part (a).

(VI) = d, = 1 for all i € R'»> d’= d(a) = 1 for all a = I,...,n" (cf. th.3.1.
part (c). The sufficiency of (II) follows from the fact that after n, itera-
tions the policy space may be reduced to Sgew = {f} which satisfies (IV).

* . . .
(VII) > n =1, since the subchains of any two tpm's must intersect, and in

addition d* = d(1) = 1 as a consequence of th.3.2.

We have seen that for arbitrary J = 1, and some fixed v(0) the sequences
v(nJ+r)i - (nJ+r)g;}:=1 may fail to converge for some (or all) i € Q and
or some (or all) r = {0,1,...,J-1}.
owever, the various sequences interdepend as far as their asymptotic behav-

our is concerned.
We conclude this section by exhibiting the various ways in which this

nterdependence occurs. However we first need the following lemma.
7
EMMA 5.6. Fix £ esmm.

lig [v(a+l); - a(f); - B(Ov(@) 1 =0,  for all i e R(f).

ROOF. Use the fact that for all i € Q, fik > 0 only for k € L(i) (cf. lemma

.2 partA(a)) in order to show that

5.12)  v(a+l) - (n+D)g” > q(f) - g* + P(£) [v(n) - ng"J.
y multiplying (5.12) with II(f), we obtain
N(E) (v(n+1)=(n+1)g") = T(£) (v(n)-ng").

bserving from th. 5.1 part (a) that H(f)(v(n)—ng*) is bounded in n, we

onclude the existence of L = %ig H(f)(v(n)—ng*). Define
§(n) = v(n+l) = q(f) - P(£)v(n)

nd note that 6(n) =2 0 for all n (cf.(1.1)).
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Thus,
*
Lim ()6 (n) = lim (N(H)[v(n+1) = (n+1)g"] - N(£) (q(£)-g") -
- I(£) (v(n)-ng")} = L - L = 0,
shich proves the lemma using §(n) 2 0 and the fact that TI(f) > 0 with
I(f)jj > 0 for all j € R(f).

"HEOREM 5.7.
a) Fix o € {1,...,n*}; %ig v(n)i - ng; exists either for all i e R*® or for
none of them.

b) Fix J > 1 and t € R*B(1<asn®; 1<8<d(a)). Assume lim v(aJ+r) - (nJ+r)g:

exists for some integer r. Then

‘ . * . . *a,B+kJ-s
5.13) lim v(nJ+r+s)i - (nJ+r+s)gi exists for all i e U =R
(s=1,2,...).
¢) Fiz 3 2 1, and a € {1,...,n"}.
%ig v(nJ+r)i - (nJ+r)gI extsts for all r = 1,...,J, either for all

ieR™ on for none of them.
d) Fie J 2 1, r, € {1,...,3} and o € {1,...,n*}.

. * . . *Q

If 1_’11_1>1°1°1 v(nJ+r0)i- (nJ+r0)gi exists for all i ¢ R,

then %ig v(nJ+r)i - (nJ+r)g; exists for all i e R* and all r = 1,2,.

.. . 1 1 *
) Fix 1 € Q. Assume %&E v(nJ +r)i (nJ +r)gi, and

2.

. 2 2 * . 1
%%g v(nJ +s)i - (nJ +s)gi extst for all r € {1,...,J } and s € {1,...,J

Let J° = g.c.d{JI,JZ}. Then

. 3 3 * . 3
%ig v(nJ +t)i - (nJ +t)gi exists for all t = 1,...,J7,
-and hence, if in addition i e R (for some Isa<n™) then
*
%ig v(nJ3+t)j - (nJ3+t)g; exists for all t = 1,...,J3 and all j € R .

) Fix i € R™ (1<asn”) and J > 1. Assume

. * .
%&g v(nJ+r)i - (nJ+r)gi extsts for all r = 1,...,J.




Let J = g.c.d.{J,d(a)}. Then
%ig v(n3+s) - (nJ+s)g exists for all s = 1,... 3 and all j € R

‘g) Fix J 2 Ifllm v(nJ+r) - (nJ+r) exzsts for all i € R and some r

{10005}, then lim v(nJ+r) -(nJ+r)g exists for all i eQand all

r=1,2,... e
>ROCF .
(a) Assume %im v(n) - ng* exists for some t € R*a
Define x. = 11m inf [v(n) - ng ] X, = lim  sup [v(n) - ng*]., and

observe that -« < x. < Xi < o ag a result of th.5.1 part (a).
Fix 1 € R*a, pick € > 0 and apply lemma 5.6 with £5 e SRMG in order

show that there exists an integer n(e), such that for all n > n(e)

(5.14) q(f*)i - g; + P(f*)[v(n)—ng*]i < v(ntl), - (n+1)g’.l‘ < q(f*)i—
+ P(E)Iv(n) -ng'l; *+ e
Take (sub)sequences {nk};=1 (with %ig nk=@)vsuch that %ig [v(nk) -
exists and
Lim vin 1), - (nk+1)g’i‘ = x; (or X,).

Replace n by n, in (5.14) and let k tend to infinity in order to co

clude

* * *
q(f )i - gt P(f) X, S X, < xi < q(f*)i - g; + P(f*)xi + €

0 <X. - X < P(f*)(X-x)i, for all 1 € R*a,

whence we get by iterating this inequality

*

(5.15) 0=X -x <<% X-x> iecr™,

Multiply this inequality by H(f*) > 0 in order to conclude strict
equality on the right of (5.15), thus proving X. = x; = X, - x_=20

t t
all i.
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(b) Without loss of generality, we take r = 0. Define a = QJ and consider

c)

d)

e)

E)
7)

the J-step MDP, as defined in section 4. Let f" be defined as in lemma

2.2 part (d), and let R(s) U R*OL’BH(J“S for s = 1,2,...

k=1
[anv(O)]i - ngz (cf. th.4.1 part (a)).
Apply part (a) of this theorem to the J-step MDP, and use th.4.]

Observe that v(nJ)i - nng

part (g) in order to obtain that v(nJ)i - nJg; exists for all i e R(0),
thus proving (5.13) for s = 0. Assume (5.19) holds for s = S.

Note, using th.3.1 part (f) that for all i ¢ R(S+1), P(f ) > 0 only
for j € R(S). It then follows from lemma 5.6 that for a11 1 € R(S+1)

Lig v(aJ+s+1), - (J+S+1)g] = q(f*)i - g} + P P(£Y), x.
jeR(S) 1

where

. * . —
X, = %ig v(nJ+S)i (nJ+S)gi, for all i € R(S),
which proves part (b) by complete induction.

* . _
Assume %ig v(nJ+r)t - (nJ+r)gt exists for all r = 1,...,J and t € R

(1<B<d(a)). Take i € R*G’Y(15ysd(a)) and s ¢ {1,...,J}. Then

. * .
%ig v(nJ+s)i - (nJ+s)gi exists as a result of part (b).

Take 1 ¢ R*a’8(158<d(a)) and r € {1,...,J}; %ig v(nJ+r)i - (nJ+r)gz
exists as a result of part (b).

Let p] = Jl/J3 and p2 = J2/J3.

Fix t € {1,...,J3}, and define a(n) = v(nJ3+t) - (nJ3+t)gf.

Observe that A(m) = 11m a(np2+m) exists for a11 m=1l,...,p°, just as
A= lim a(np ) ex1sts Observe that there exist two integers o,B > | gych

that ap - sz = 1, as a consequence of p1 and p2 being relatively prime.

. : . 1 2 .
Since A(m) = %ig al (kp +Bm)p +m] = %&g a[(kp2+a)mp]] = A, for all
m=1,...,p , it follows that %ig a(n) exists, thus proving the first
assertion, whereas the second one follows immediately from part (c).
Use part (e) with J] = J and J2 = d(a)(ef. th.5.1 part (c)).
It follows from part (c) that
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. *
%ig v(nJ+r)i (nJ+r)gi

*
exists for all i € R and qll r ¢ {1,...,J} whereas convergence on 9~R

is deduced, using the proof of th.5.1 part (d).

EMARK 5. The following statements illustrate the degree of 1nterdependence

rith respect to the asymptotic behaviour of the N sequences {v(n) - ng. }

'ieQ), and may be proved using the above theorem, merely verifying all

yossible combinations.

‘a) %ig v(n)i - ng; cannot exist for all values of i, but one (cf. SCHWEITZER
121, th.1 part (3)).

. . * . .
b) It %ﬁg v(n)i - ng; exists for all values of i except two, then these two

. . *0 .
special states comprise one R ~, with d(a) =
Moreover, for every randomized maximal gain policy these two states’
either form a periodic subchain, or are both transient.

. * . . .
c) If %ig v(n) - ng, exists for all values of i except three, then either

the three states comprise one R*a with d(o) = 2 or 3, or else two of them
comprise one R™* with d(a) = 2, and the third one lies in Q - R*,

having positive probability to reach R*a.
The generalization of th.5.4 for the case of omne fixed v(0) 1is

"HEOREM 5-8:

‘a) Fix v(0), and o € {l,...,n*} There exists an integer JOa > 1, dependent
upon v(0), such that 11m [v(nJ+r) - (nJ+r)g ] exists fbr aZZ ieRrR™®
and some r if and if the integer J 2 1 18 a multzple of J . If this
condition is met, the limit exists for all r. The integer d(o) 8 a
multiple of 59¢. If d(a) 2 2, then there exist choices of v(0) such that
JOa < d(a) can occur.

'b) Fix v(0) and define the integer

JO = g.c.m. {JOa ‘ 1 <o <n}

which depends upon v(0). Then 11m v(nJ+r) - (nJ+r)g exists for some r

1f and only if the integer J 2 1 18 a multiple of v, If this condition
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is met, the limit exists for all r. The integer d* s a multiple of

30, If a* > 2, then there exist choices of v(0) such that O < g* ean
occur.

’ROOF :

‘a) Let

'5.16) JOa = g.c.d. {J 21 I lim [v(nJ+r)i - (nJ+r)gz] exists for all

N>

ieR™

Observe that JOa can be obtained as the g.c.d. of a finite number of
integers and apply th.5-7 part (e) to conclude that JOa belongs to the
set to the right of (5.16), thus proving the first assertion. The second
and third assertion follow from th.5-7 part (d) and th.5-1 part (c),

whereas the last one may be verified by choosing

5.17) v(0) = v + tg* with v € V and t sufficiently large that
n n
Q (v(0)) = T (v(0)) forn = 1,2,... .

b) Observe from part (a) that 11m [v(nJ+r) - (nJ+r)g ] exists for all
ieR” , and some r if and only if J is a multiple of JO, and apply
part (g) of th.5-7 to verify the first two assertions. The third asser-
tion follows from th.5-1 part (d) whereas the existence of v(0) with

JO = |1 may be verified by choosing v(0) as in (5-17).

5. THE ASYMPTOTIC PROPERTIES OF THE POLICIES GENERATED BY THE Q-OPERATOR

In this final section, we indicate some of the properties of the
>licies that attain the N maxima in (1.2), and the resulting consequences
ith respect to the use of the value-iteration method.

irst, define for any € =2 0, and i € Q
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K(i,n,e) = {k € K(1) | v(n). = € < qk + Z Pk v(n-1). < v(n).}
20 i 1 j ij i i’?
n=1,2,...

i.e. the set of actions, which at the n-th step of the value-iteration are
e-optimal, in the sense that they achieve the maximum in (1.2) within €.
For any v € V, define L(i,v) = {keL(i) [ b(v)k

P 0}, 1 € Q. Note from lemma
2-2 part (a) that K*(i) < L(i,v) for all i € R*

THEOREM 6.1. Fix v(0) € EN.

(a) If %ig v(n) - ng* =y exists, then

(1) v e V.
(2) There exists an integer s such that if a policy f € SR satisfies
v(n) = q(f) + P(f)v(n-1) for some n 2 n, then £ € S pMG? with
b(v',f) = 0.
(b) For any ¢ > 0, and all i ¢ R,

K*(i) < K(i,n,e) < L(i) for all n sufficiently large,

(c) Let {En}:=l be a sequence of non-negative numbers, such that

(1) %ig e, = 0.

. .0
(2) %ig A /en= 0 for all x € (0,1).

. * * .
If %%g v(n) - ng = v exists, then
K(i,n,en) = L(i,v*) for all n sufficiently large, and allieQ.
(d) If there exists a f € SR’ and an integer g such that

v(n+l) = q(f) + P(f)v(n), for all n 2 n,, then f € S

0’ RMG®

PROOF.
(a) (1) cf. lemma 2.2 part (f) in [14].

(2) The fact that for large n, and any i € Q, only alternatives in L(i,v*)

can attain the maximum in (1.2) was shown in [14] (3.3); it

then follows from lemma 2.2 part (a) that f € SRMG'




x1e€eQ.

serve that k ¢ K(i,n,e) implies

k *
v(n)i - ng: - < q? - g; + Zj Pij {v(n—])j - (n—l)ng + (n-1)

k * *
. P.. g. - g.
{ZJ 1] gJ gl}

*
ich cannot hold for large n, if Zj P?j g; - g; < 0, since [v(n) - ng ]
bounded (cf. th.5.1 part (a)). Hence K(i,n,e) < L(i).

. x . _ .
¢t, fix k € K (i) and let f ¢ SPMG with fik =1 and i € R(f) (cf. (2.12)

>ly lemma 5.6 in order to show that

. kK _ o ok .
A R TR

.ch proves K*(i)

In

K(i,n,e) for n sufficiently large.

‘ine y(n) = v(n) - ng* - v*, and note that k ¢ K(i,n,en), if and only

k * % k
(n—l)(zj Pij gj—gi> + b(v*)i > - Zj P?j y(n~])j + y(n)i -

st let k € K(i,n,e ). Since the right hand side of (6.1) tends to
0 as n tends to 1nf1n1ty it follows that for n large, Z PEJ g;-gz==0
e. k € L(i)) and b(v" ) = 0, which proves

K(i,n,sn) S}L(i,v*) for all i € Q, and n sufficiently large.

>rder to prove the reversed inclusion, we recall from [14] that y(n)
rerges geometrically to zero, i.e. there exist two numbers K and A
1 0 < XA <1 such that Iy(n) | < K\® for all n=1,2,..., and i € Q.
k e L(i,v ) It then follows that k satisfies (6.1) since the left
| side of (6.1) equals zero, whereas its right hand side is strictly
itive, for large n, as a consequence of %ig An/sn = 0.
- proves the reversed inclusion in (6.2) and hence part (c).
rve that v(n +m) = [I + P(f) + ... P(f) ]q(f) + P(f) v(n ), divide
equality by m, let m tend to infinity and conclude that
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N . v(n0+m)

g = lim ——— = W(H)q() = gf). [

Part (a) of the above theorem shows that if [v(n) - ng*] converges,
then the value-iteration method will generate only maximal gain policies,
after a finite number of steps.
On the other hand, example 1 shows that a non-maximal gain policy may be
generated infinitely often, although not at each iteration step (cf. part (d))
if 11m v(n) - ng fails to exist.

(Take case 4. Let v(0) = L2q§ q§ 0 0 qs] as in Remark 4, and observe
that the value-iteration method may generate the sequence of policies

L& 5 4 _5 5
(£ ,£,f ,£7,...), where f~ ¢ SPMG')

This phenomenon was first noticed by LANERY [6], example 4, where in the
only possible sequence of policies to be generated by the value-iteration
method, a maximal and a non-maximal gain policy alternate.

Moreover, the value-iteration method may even generate exclusively non-
maximal gain policies, after a finite number of steps, if v(n) - ng* fails
to converge.

(Take example 4 in LANERY [6] or example 1, case 4 with
v(0) = [2q§ qg 00 q5] and define a new MDP as follows.

Let @ = {(i,r) | ieQ, r=0,1} with K(i,r) = K(i) ; q?} ) = q? and
H

—x PEJ if r=s for all i,jeQ;r=0,1, and k e K(i,r)

P0G Ty ifrss

and choose';(O)(i 0) = V(O)i and';(O)(i’l) = v(l)i.

Lemma 5.6 shows that every maximal gain policy comes closer and closer
to attaining the maxima in (1.2) even if v(n) - ng* fails to exist. Part (b)
of the above theorem shows that this may be used in order to 'localize" the
sets K*(i) (ieR*) by determining at each iteration step the sets K(n,i,e)
(for some €>0) rather than the sets K(n,i,0).
In case 11m v(n) - ng = v* does exist part (c) of th.6.1 provides a method
in order to determine the sets L(i,v )(169) in the course of the value-iter-
ations. Observe that any sequence {¢ } -1° which has enl polynomially

bounded in n, may be used, e.g. €n = l,n.




If v* = lim [v(n) - ng ] exists, then the sets K(i,n,e ) may be better
ehaved for 1arge n than the optimizing sets K(i,n,0).

The former set has a limit L(1,v ) while the latter may oscillate
cf. BROWN [3], example) or have a limit which is a strict subset of L(i,v*)

cf. example 2 below)

XAMPLE 2:
kK ok Lk k
tokogy By P By
1 1 ! 0 0
2 1 o 1 0
31 1o 0
3 -1 -1 o . 5

Note that g* = (0,0,0), a” = 1 and that both pure policies are maximal
ain. Starting with v(0) = (0,2,1) we find that v(n) = (0,2,-5n) for all
> 0, hence v o= (0,2,0). For this special choice of v(0), K(3,n,0) = {2}
>r all n which is a strict subset of L(3,v*) = {1,2}. Consequently, value

:eration will fail to genmerate all functional optimal policies.

Finally, we have seen that regardless whether v(n) - ng* converges or
't, none of the sequences of policies that may be generated by value-
‘eration, needs to converge, i.e. lim inf X K(i,n,0) may be empty. Part
) of theorem 6.1 shows that in caseng? foolproof policy convergence, i.e.
tistence of 11m Xl K(i,n,0), only maximal gain policies ultimately occur.
1 addition, BATHER [1] part 1 example 1, which has every policy unichained
id aperiodic, falsified the conjecture (cf. BROWN [3]) that the optimal
licy sequence is asymptotlcally periodic, i.e. the existence of a J-tuple

" policies (f ,...,f ) such that v(n +kJ+r) = (f ) + P(f )v(n0+kJ+r—1)

r all k = 1,2,... and some n, > 1,
JIE 1. More specifically, the following argument was used in (VII-64) and
J11-75).

max max {f. - £.} = max {f, - £.}

k=1,...,K t ol

i,jeAk I<i,j<n
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f is an n-vector and the {Ak, k =1,...,K} constitute a partition of

,n}.

sertions (VII-64) and (VII-75) are repeatedly used in the remainder

proof.
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